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Abstract. Positive Quaternion Kahler Manifolds are Riemannian man- 
ifolds with holonomy contained in Sp(n)Sp(l) and with positive scalar 
curvature. Conjecturally, they are symmetric spaces. We offer a new 
approach to this field of study via Rational Homotopy Theory, thereby 
proving the formality of Positive Quaternion Kahler Manifolds. This 
result is established by means of an in-depth investigation on how for- 
mality behaves under spherical fibrations. 

Introduction 

Quaternion Kahler Manifolds settle in the highly remarkable class of spe- 
cial geometries. Hereby one refers to Riemannian manifolds with special 
holonomy among which Kahler manifolds, Calabi-Yau manifolds or Joyce 
manifolds are to be mentioned as the most prominent examples. Quaternion 
Kahler Manifolds have holonomy contained in Sp(n)Sp(l); they are called 
positive, if their scalar curvature is positive. 

Positive Quaternion Kahler Geometry lies in the intersection of very clas- 
sical yet rather different fields in mathematics. Despite its geometrical set- 
ting which involves fundamental definitions from Riemannian geometry, it 
was soon discovered to be accessible by methods from (differential) topology, 
symplectic geometry and complex algebraic geometry even. 

In this article we shall present a different approach using Rational Ho- 
motopy Theory. To the knowledge of the author, this is the first one of its 
kind. 

Rational Homotopy Theory is a very elegant and easily-computable ver- 
sion of homotopy theory at the expense of losing information on torsion. 
It provides a transition from topology to algebra by encoding the rational 
homotopy type of a space in a commutative differential graded algebra. In 
particular, rational homotopy groups as well as Massey products can be 
derived from the algebra structure. Likewise, the rational cohomology alge- 
bra of the space is the homology algebra of the corresponding commutative 
differential graded algebra. 

The concept of formality features prominently among the properties of 
topological spaces as this property reduces the study of the rational ho- 
motopy type entirely to the problem of merely understanding the rational 
cohomology algebra. Or in other terms: We may derive the rational co- 
homology from the rational homotopy type, however, is the information 
contained in the rational cohomology already sufficient to reconstruct the 
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rational homotopy type? If the answer is in the positive, the space is called 
formal. 

On the one hand, Positive Quaternion Kahler Manifolds are conjectured to 
be symmetric spaces. On the other hand, the name itself presumes a certain 
proximity to the field of Kahler Geometry. Indeed, (Positive) Quaternion 
Kahler Manifolds can be considered a quaternionic analogue of (the complex) 
Kahler Manifolds. Both symmetric spaces as well as Kahler manifolds are 
formal spaces, i.e. their rational homotopy type can be "formally" derived 
from the rational cohomology ring. As our main result we shall prove the 
same for Positive Quaternion Kahler Manifolds: 

Theorem A. A Positive Quaternion Kahler Manifold is a formal space. 

Note that the concept of formality seems to be a recurring theme within 
the field of special geometries. 

The proof will make use of the so-called twistor fibration S 2 Z — ► M 
which relates the properties of the Positive Quaternion Kahler Manifold M 
to the ones of its twistor space Z — a Fano contact Kahler Einstein manifold. 
Kahler manifolds have been found to be formal spaces by joint work of 
Deligne, Griffiths, Morgan and Sullivan, i.e. the total space of this spherical 
fibration is formal. The concept of formality can be extended to maps and 
we shall prove 

Theorem B. The twistor fibration (for Positive Quaternion Kahler Mani- 
folds) is a formal map. 

In order to establish these "geometric" results — theorems A,B — we shall 
investigate to which extent the formality of the total space in such a spherical 
fibration suffices to derive the formality of the base space. Thus the theorems 
will be a consequence of the following algebraically topological results: 

Theorem C. Let 

F ^ E ^ B 

be a spherical fibration of simply- connected (and path- connected) topological 
spaces with rational homology of finite type. Let the fibre satisfy F ~q § n 
for an even n > 2. Suppose further that the rationalised Hurewicz homo- 
morphism ir*(B) <S) Q — ► H*{B) is infective in degrees n and 2n. 
Then we obtain: If the space E is formal, so is B. 

Theorem D. Let 

F <^> E ^ B 

be a spherical fibration of simply- connected (and path- connected) topological 
spaces. Let the fibre satisfy F ~q § n for an even n > 2. 

If B and consequently (cf. lemma 4-1) also E is a formal space, then the 
fibration p is a formal map. 

Moreover, we shall see that the discussion for the case of even-dimensional 
fibres is completely distinct from the one with odd-dimensional fibres, where 
hardly no relations between the formality of the base space and the one of 
the total space can be found. 
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Let us daringly suggest and sketch two interpretations that might serve as 
a motivation for proving formality. On the one hand formality is an obstruc- 
tion to geometric formality (cf. [10]) which consists in the property that the 
product of harmonic forms is harmonic again. Geometric formality enforces 
strong restrictions on the topological structure of the underlying manifold. 
For example, the Betti numbers of the manifold M n are restricted from 
above by the Betti numbers of the ra-dimensional torus — cf. [10], theorem 
6. (This result was even improved on Kahler manifolds by Nagy — cf. [15], 
corollary 4.1.) Symmetric spaces are geometrically formal (cf. [11], [18]). 
Thus it is tempting to conjecture the same for Positive Quaternion Kahler 
Manifolds. 

On the other hand the Bott conjecture speculates that simply-connected 
compact Riemannian manifolds with non-negative sectional curvature are 
rationally elliptic. In the quaternionic setting there are theorems (cf. theo- 
rem A on [6], p. 150, formula [3]. 14. 42b, p. 406) that suggest that positive 
scalar curvature might be regarded as a substitute for positive sectional 
curvature to a certain extent. 

In the case of Positive Quaternion Kahler Manifolds — mainly because ra- 
tional cohomology is concentrated in even degrees only — we suggest to see 
formality as a very weak substitute for ellipticity. Indeed, if Positive Quater- 
nion Kahler Manifolds were elliptic spaces — e.g. like simply-connected ho- 
mogeneous spaces — then they would be Fo-spaces, which are formal. If one 
is willing to engage with this point of view, the formality of Positive Quater- 
nion Kahler Manifolds may be seen as heading towards a quaternionic Bott 
conjecture. 

Structure of the article. In section 1 we shall give a very brief intro- 
duction to Positive Quaternion Kahler Geometry whilst we do similar for 
Rational Homotopy Theory in section 2. Sections 3 and 4 feature the proofs 
of theorems C and D respectively. In section 5 the main results, theorems A 
and B will be derived. Finally, in section 6, we conclude with a depiction of 
several counter-examples — for possible statements similar to theorem C — in 
the case of odd-dimensional fibre spheres. 

We remark that more elaborate introductions to Positive Quaternion 
Kahler Manifolds and Rational Homotopy Theory as well as detailed proofs 
can be found in [2]. 

Note that throughout this article cohomology will be taken with 
rational coefficients whenever coefficients are suppressed; all com- 
mutative differential graded algebras are algebras over the ratio- 
nals unless stated differently. All spaces and commutative differ- 
ential graded algebras are supposed to be simply-connected (and 
path-connected) unless indicated differently. 

Acknowledgements. The author is very grateful to Anand Dessai for 
various fruitful discussions and suggestions. 
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1. Positive Quaternion Kahler Manifolds 

Due to Berger's celebrated theorem the holonomy group Hol(M, g) of 
a simply-connected, irreducible and non-symmetric Riemannian manifold 
(M, g) is one of SO(n), U(n), SU(n), Sp(n), Sp(n)Sp(l), G2 and Spin(7). 

A connected oriented Riemannian manifold (M in ,g) is called a Quater- 
nion Kahler Manifold if 

Hol(M, g) C Sp(n)Sp(l) = Sp(n) x Sp(l) /(-id, -1} 

(In the case n = 1 one additionally requires M to be Einstein and self- 
dual.) Quaternion Kahler Manifolds are Einstein (cf. [3]. 14. 39, p. 403). In 
particular, their scalar curvature is constant. 

Definition 1.1. A Positive Quaternion Kahler Manifold is a Quaternion 
Kahler Manifold with complete metric and with positive scalar curvature. 

For an elaborate depiction of the subject we recommend the survey arti- 
cles [16] and [17]. We shall content ourselves with mentioning a few proper- 
ties that will be of importance throughout the article: 

Foremost, we note that Positive Quaternion Kahler Manifolds M clearly 
are not necessarily Kahlerian, as the name might suggest. Moreover, the 
manifold M is compact and simply-connected (cf. [16], p. 158 and [16]. 6. 6, 
p. 163). 

The only known examples of Positive Quaternion Kahler Manifolds are 
given by the so-called Wolf-spaces, which are all symmetric and the only 
homogeneous examples due to Alekseevski. Indeed, they are given by the 
infinite series HP' 1 , Gr2(C n+2 ) and Gr4(IR n+4 ) (the Grassmanian of ori- 
ented real 4-planes) and the exceptional spaces G2/SO(4), F4/Sp(3)Sp(l), 
E 6 /SU(6)Sp(l), E 7 /Spin(12)Sp(l), E 8 /E 7 Sp(l). Besides, it is known 
that in each dimension there are only finitely many Positive Quaternion 
Kahler Manifolds (cf. [12]. 0.1, p. 110). This endorses the fundamental con- 
jecture 

Conjecture 1.2 (LeBrun, Salamon). Every Positive Quaternion Kahler 
Manifold is a Wolf space. 

A confirmation of the conjecture has been achieved in dimensions four 
(Hitchin) and eight (Poon-Salamon, LeBrun-Salamon) . Thus the motivat- 
ing question throughout this article will be: How close are Positive Quater- 
nion Kahler Manifolds to symmetric spaces? We shall give a partial answer 
from the viewpoint of Rational Homotopy Theory. 

It is an astounding fact that the theory of Positive Quaternion Kahler 
Manifolds may completely be transcribed to an equivalent theory in com- 
plex geometry. This is done via the twistor space Z of the Positive Quater- 
nion Kahler Manifold M. This Fano contact Einstein manifold may be 
constructed as follows: 

Locally the structure bundle with fibre Sp(n)Sp(l) may be lifted to its 
double covering with fibre Sp(n) x Sp(l). So locally one may use the stan- 
dard representation of Sp(l) on C 2 to associate a vector bundle H. In gen- 
eral, H does not exist globally but its complex projectivisation Z = Pc(H) 
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does. In particular, we obtain the twistor fibration 

CP 1 ^ Pc(-ff) -> M 

Alternatively, the manifold Z may be considered as the unit sphere bundle 
S(E') associated to the 3-dimensional subbundle E' of the vector bundle 
End(TM) generated locally by the almost complex structures /, J, K which 
behave like the corresponding unit quaternions i, j and k. That is, the 
twistor fibration is just 

S 2 ^ S(E') -> M 

(Comparing this bundle to its version above we need to remark that clearly 
CP 1 ^§ 2 .) 

As an example one may observe that on HP n we have a global lift of 
Sp(n)Sp(l) and that the vector bundle associated to the standard repre- 
sentation of Sp(l) on C 2 is just the tautological bundle. Now complex 
projectivisation of this bundle yields the complex projective space CP 2n+1 
and the twistor fibration is just the canonical projection. 

More generally, on Wolf spaces one obtains the following: The Wolf space 
may be written as G/-fTSp(l) (cf. the table on [3], p. 409) and its correspond- 
ing twistor space is given as G/K\J{1) with the twistor fibration being the 
canonical projection. 

Using twistor theory a variety of remarkable results have been obtained. 
Let us mention the ones we shall make use of in the following: 

Theorem 1.3 (Strong rigidity). Let (M,g) be a Positive Quaternion Kahler 
Manifold. Then we have 

'0 iffM^MP n 
tt 2 (M) = \ Z iff M = Gr 2 (C n + 2 ) 

finite with ^-torsion contained in ^(M) otherwise 

PROOF. See theorems [12].0.2, p. 110, and [17]. 5. 5, p. 103. □ 

Theorem 1.4. Odd-degree Betti numbers vanish, i.e. &2i+i — fori > 0. 

Proof. See theorem [16]. 6. 6, p. 163, where it is shown that the Hodge 
decomposition of the twistor space is concentrated in terms H P ' P (Z, R). □ 



2. Rational Homotopy Theory 

As a main reference we want to recommend the book [7]. Throughout 
this article we shall follow its conceptual approach and its notation unless 
indicated differently. We shall not attempt to provide an introduction to the 
theory and it is recommended to the interested reader to familiarise hers- 
self /himself with the notions of commutative differential graded algebras, 
polynomial differential forms Apl, Sullivan (minimal) models and further 
essential concepts. 

Let us now collect some concepts that are of essential importance for us 
and/or not covered by [7]. 
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Definition 2.1. A fibration 

F E ^ B 

is called a spherical fibration if the fibre F is path-connected and has the 
rational homotopy type of a connected sphere, i.e. F ~q § n for re > 1. 

Remark 2.2. Let ( /\ V, d) be a minimal model for i?. Following example 
[7]. 15. 4, p. 202 one sees that for a spherical fibration with n even one obtains 
the following quasi- isomorphism of cochain algebras: 

(/\V®/\(e,e'),d) ^>(A PL (E),d) 

with de = 0, de' = e 2 - u, u G /\ 1/, du = 0. 
If ra is odd there is the quasi-isomorphism 

(/\V®/\(e),d)^(A PL (E),d) 

with de =: u E /\ V. 

In each case we shall refer to this morphism as the model of the fibration. 

We use this terminology for 

Definition 2.3. The spherical fibration p is called primitive, if u is not 
decomposable, i.e. u /\ >0 V • /\ >0 V. Otherwise, the fibration p will be 
called non-primitive. 

The next proposition gives a way to identify Sullivan algebras. 

Proposition 2.4. Let a cochain algebra ( f\ V, d) satisfy the properties 

y = y> 2 and imdC/\ V • f\ V 

Then this algebra is necessarily a minimal Sullivan algebra. 

PROOF. See [7], example 12.5, p. 144. □ 

A topological space X is called n-connected if for < i < n it holds 
TTi(X) = 0. In this vein we shall call X rationally n-connected if for < 
i < re it holds Hi{X) <8> Q = 0. Thus for the minimal model of a simply- 
connected space X with homology of finite type this is equivalent to V 1 = 
for < i < n. 

Remark 2.5. Recall the Hurewicz homomorphism hur : tt*(X) — > H^X, Z) 
(cf. [7], p. 58). We have H >0 ( A V, d) = kerd/imd, where imdC /\- 2 Vby 
minimality. Let £ : H >0 ( A V, d) — > V be the linear map defined by forming 
the quotient with A~ 2 V, i.e. the natural projection 

C : kerd/imd ^kerd / ((A"^) nkerd ) ^ V 
There is a commutative square (cf. [7], p. 173 and the corollary on [7], p. 210) 
H >0 (/\V,d) ^^H >0 (X) 

hur* 

V 1^ Hom(7T >0 (X), ( 
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where hur* is the dual of the rationalised Hurewicz homomorphism. Thus 
by this square C and hur* are identified. 

In particular, we see that if hur (g>Q is injective, then hur* is surjective 
and so is £. In such a case every element x £ V is closed and defines a 
homology class. 

Let us now describe the concept of formality. 

Definition 2.6. The commutative differential graded algebra (^4, d) (over 
a field K. D Q) is called formal if it is weakly equivalent to the cohomology 
algebra (H(A, K), 0) (with trivial differential). 

We call a path-connected topological space formal if its rational homo- 
topy type is a formal consequence of its rational cohomology algebra, i.e. if 
(ApL(X),d) is formal. In detail, the space X is formal if there is a weak 
equivalence (ApL(X),d) ~ (H*(X),0), i.e. a chain of quasi-isomorphisms 

(A PL (X), d) ^ . . . ^ . . . <=- . . . ^ (#*(*), 0) 

Theorem 2.7. Lei X have rational homology of finite type. The algebra 
(Apl(A, K), d) is formal for any field extension IK D Q z/ and on/?/ i/ A" is a 
formal space. 

PROOF. See [7], p. 156 and theorem 12.1, p. 316. □ 

Thus we need not worry about field extension and it suffices to consider 
rational coefficients only. 

Example 2.8. • //-spaces are formal (cf. [7], example 12.3, p. 143). 

• Symmetric spaces of compact type are formal (cf. [7]. 12. 3, p. 162). 

• iV-symmetric spaces are formal (cf. [18], Main Theorem, p. 40, for 
the precise statement, [11]). 

• Compact Kahler manifolds are formal (cf. [5], Main Theorem, p. 270). 

The following theorem gives the characterisation of formality we shall use 
as a main tool. 

Theorem 2.9. A minimal model (/\ V, d) is formal if and only if there is 
in each V 1 a complement N l to the sub space of d- closed elements C % with 
V 1 = C l © N % and such that any closed form in the ideal I(® N l ) generated 
by (& N l in /\V is exact. 

PROOF. See [5], theorem 4.1, p. 261. □ 

We shall leave the proof of the next two standard characterisations to the 
reader. 

Proposition 2.10. • A minimal model ( f\ V, d) of a commutative 

differential graded algebra (A, d) is formal iff (A, d) is formal. 

• A minimal Sullivan algebra ( f\ V, d) is formal if and only if there is 
a quasi-isomorphism 

• The quasi-isomorphism [i from the last point may be taken to be the 
identity in cohomology. 
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• This quasi-isomorphism then has the property that 

(j, : x i— > [x] 

for d-closed elements x. 

□ 

The next lemma is similar to theorem [5]. 4.1, p. 261. It can be considered 
as a refinement of proposition 2.10. 

Lemma 2.11. Suppose (/\V, d) — > (^4, d) is a minimal model. Let (A, d) 
be a formal algebra. Let V = C © N be the decomposition from theorem 2.9 
with C = kerdjy. Then there is a quasi-isomorphism 

H A : (f\V,d) 2* (H(f\V,d),0) 

with the property that /j,a(x) = [x] if [x] is closed and with n(x) = for 
x e N. 

□ 

Let us eventually define the notion of a formal map. We shall present 
the version of formality of a map which was proposed and used in [1]— 
cf. definition [1]. 2. 7.20, p. 123 — as it turns out to be most suitable for our 
purposes. (Contrast this version with the definition in [5]. 4, p. 260.) 

Let (A, d), (B,d) be commutative differential graded algebras with mini- 
mal models 

m A :(/\V,d) ^ (A,d) 
m B :(/\W,d) ^(B,d) 

A morphism / : (A, d) — > (B,d) induces the map /* : H(A) —> H{B) and 
the Sullivan representative f : (f\V,d) — > ( f\ W, d) uniquely defined up to 
homotopy (cf. [7]. 12, p. 154). Indeed, the morphism / is defined by lifting 
the diagram 

(A^d) U(hW.d) 

(A,d) f -^(B,d) 

Completing the square by / makes it a diagram which is commutative up 
to homotopy (cf. [7], p. 149). 

Suppose now that A and B are formal. By theorem 2.10 there are quasi- 
isomorphisms 

cp A :(/\V,d) ^(H*(A),0) 

4> B :{f\W,d) ^(H*(B),0) 

By composing such a model with a suitable automorphism of the cohomology 
algebra we may suppose that (tua)* = (ha)* and (ms)* = (a*b)*- 
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Then the morphism / is said to be formal, if there is a choice of such 
quasi- isomorphisms ha and hb (with (itia)* = (ha)* and (tub)* = (hb)*) 
which makes the diagram 

(Av,d)— ^(Aw,d) 



ma 



{H(A),0) — ^ (H(B), 0) 

commute up to homotopy. 

Call a continuous map / : M — > N between two formal topological spaces 
M, N formal if the map Apl(/) induced on polynomial differential forms is 
formal. 

The next property of formal spaces can be found in the literature with 
varying formulation and more or less detailed proofs (cf. proposition [4]. 5, 
p. 335 or lemma [8]. 2. 11, p. 7 for example). We leave it to the reader to 
provide the necessary arguments. 

Theorem 2.12. Let (A, d) and (B,d) be differential graded algebras. The 
product algebra (A <g) B, d) is formal if and only if so are both A and B. In 
this case the canonical inclusion (A,d) ► (A ® B,d) given by a i— > (a, 1) is 
a formal map. 

□ 



3. Proof of Theorem C 

In this section we shall see that under slight technical prerequisites it is 
possible to relate the formality of the base space to the formality of the 
total space in a fibration when the (rational) fibre sphere is (homologically) 
even-dimensional. So let us prove the main topological theorem. 

PROOF of theorem C. Choose a minimal Sullivan model (A^Bj^b) ^ 
Apl(5). Recall (cf. 2.2) the following quasi-isomorphism of cochain alge- 
bras: 

(1) {/\V B ® f\(z,z'),d) ^>(A PL (£),d) 

with dz = 0, dz' = z 2 — u, u G /\Vb, du = and d|/\y s = d#. Recall 
from definition 2.3 that we call the fibration p : E — > B primitive if u is not 
decomposable. 

We shall prove the theorem in the following manner: 
Case 1.: The fibration is primitive. 

Step 1.: We construct a minimal Sullivan algebra from (1). 
Step 2.: We show that it extends to a minimal Sullivan model of 
E by proving the 

1. : Surjectivity and 

2. : Injectivity of the morphism induced in cohomology. 
Step 3.: We show the formality of the model for B by means of 

the one for E. 
Case 2.: The fibration is non-primitive. 

Step 1.: We prove that (1) is a minimal Sullivan model of E. 
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Step 2.: We show the formality of the model. 

Let us commence the proof: 

Case 1. We suppose the fib-ration to be primitive. 

Step 1. If the fibration satisfies dz' = z 2 , i.e. u = 0, then remark 
2.2 yields that the fibration is rationally trivial. This just means that E ~q 
B x F or, equivalently, that there is a weak equivalence Apl(-E) ~ Apl(-B) ® 
Apl(-F). Theorem 2.12 then applies and yields that the formality of E is 
equivalent to the formality of B, since spheres are formal spaces. 

Therefore it suffices to assume dz' ^ z 2 , i.e. u / 0. Since the fibration is 
primitive, we may write 

u = u' + v 

with v! G Vb, v G /\ >0 Vb • /\ >0 Vb both homogeneous with respect to 
degree. 

The condition of primitivity contradicts the property of minimality for 
Sullivan algebras. Thus we shall construct a minimal Sullivan algebra 
(AVk.d) out of (/\V B ®Mz,z'),d). 

This will be done as follows: Let u' , {frjjiej denote a (possibly infinite 
yet countable) basis of Vb homogeneous with respect to degree. Set Ve '■= 
(z, {bi}i£j) with the previous grading. Let 

(2) 0: /\Vb® l\{z,z')^ /\V E 

be the (surjective) morphism of commutative graded algebras defined by 
4>(bi) := hi for i E J, <fi(z) := z, 4>{z') := 0, <j)(u') := z 2 — (j)(v) and extended 
linearly and multiplicatively. (This is well-defined, since there is a subset 
J' C J such that v € /\{{bi}ieJ') ^y degree. Thus when we define <f>(u'), the 
element <f>(v) is already defined.) 

We now define a differential d# on (\ Ve by d E z := 0, by d E bi := 0(d(6j)) 
for i £ J and by making it a derivation. We shall see that this really defines 
a differential, i.e. that d 2 E = 0: This will be a direct consequence of the 
property 

(3) dg o cj) = (j) o d 

which is immediate from the definition. Now for x E /\ Ve there is y E 
Vb <8> f\(z,z') with 0(y) = x by the surjectivity of <fi. Applying (3) twice 
yields 

d|(x) = dE(0(d(y))) = <A(d 2 (y)) = O 

which proves that ( /\ V E , d E ) is a commutative differential graded algebra, 
even a cochain algebra. 

One easily sees that it is even a minimal Sullivan algebra. The minimality 
follows follows from the minimality of (A^Bj^-b) (which is a differential 
subalgebra of (A Vb <8> /\{z, z'}, d)), property (3), the multiplicativity of 
and the fact that d E (z) = 0. 

As B is simply-connected, it holds that V^ = 0. Thus proposition 2.4 
implies that ( A^Ej^b) is a minimal Sullivan algebra. 
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Step 2. We shall now exhibit (f> as a quasi-isomorphism. This will make 
( /\Ve,(1e) a minimal Sullivan model of Ap-^(E) due to step 1, the quasi- 
isomorphism (1) and the weak equivalence 

(A^> d £) ^ {f\VB®/\{z,z'),d) ^ (A PL (£),d) 

In fact, basically using the lifting lemma, i.e. proposition [7]. 12. 9, p. 153, we 
then obtain a quasi-isomorphism 

i/\V E ,d E ) ^(Ap L (£),d) 

We shall prove that is a quasi-isomorphism by separately proving the 
surjectivity and the injectivity of the induced map 0* in homology. 

Surjectivity. Let x € ( A^ods) be an arbitrary closed element. Thus 
it defines a homology class. We shall construct a d-closed preimage of x; 
this will prove surjectivity. 

Define a map of commutative graded algebras 

^■I\Ve^/\Vb®I\{z,z') 

by bi i — > bi for i € J, by z i— > 2 and by extending it linearly and multiplica- 
tively. Then tp is injective, since 

(4) (f> o ^ = id 

The main idea to prove surjectivity will be the following: We have 
4>(tp(x)) = x. Now vary ip(x) additively by a form x, € ker<^> such that 
d(ip(x) +x) = 0. 

Let 7 € (Q x N N ) N be a finite tuple 7 = (oi,... ,a s ) of finite tuples 
a, = (fcj, «(i,i), • • • , CL(i,t(i)))- We shall use the multi-multiindex notation 

s *(*) 
bi :=E^I1^) 

i=l j=l 

in order to denote arbitrary linear combinations of products in the We 
construct a set 7 from 7 in such a way that summands of bi change sign 
according to their degree: Let 8(i) := de g nSb a With the coefficients 
of bi we obtain 

&/=E(-i) 5w ^n^) 

With this terminology we come back to our problem. There is a finite family 
(Iuj))i,j of such tuples with the property that 

d(tp(x)) =(b/ (0 , 0) + b i (1 , 0) u + b/ (2 , 0) « 2 + . . . ) 

+ (b/ (0 ,i) + Vd u + bl (2,D u2 + ■■■)* 
+ (b/(o, 2) + b/ (1 , 2) n + 6/ (2j2) n 2 + . . . )z 2 
+ ••• 
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Note that every coefficient bi,. is uniquely determined. Set 



Xi i := bf ■ z' ■ z 1 ■ z l 

M Hid) ^ 



u m 



l+2m=2i-2 



and 



(5) x := *iJ £(/\Vb® f\(z, z'),d) 

i>0,j 



We shall prove in the following that x is indeed the element we are looking 
for, i.e. ip(x) + x is d-closed and maps to x under <j). This last property 
actually is self-evident, since 



x G z' /\{{bi}i£j,z,u') 



and since (j>{z') = by definition. Thus (j)(ijj(x) + x) = 4>(ip(x)) = x. 

Let us now see that ip{x) + x is d-closed: For this we shall prove first 
that the term d(tp(x) + x) does not possess any summand that has u l z^ as a 
factor for any i,j € N x No- (Actually, such a summand is replaced by one 
in z 2l+ i and by one more in z' .) This is due to the computation 



z l u m 



u i z j + (z 2 - u)z j ^ 

l+2m=2i-2 

(6) =u i z j + z j (z 2 - u) {u 1 " 1 + z 2 u l ~ 2 + z V~ 3 + • • • + z 2 ^ ) 
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for i > and finally — the sums run over £ No x No — by 



E d ( 6 w v ' E 



i>0j ;+2m=2i-2 



Efw* 2 -^ E 

i>0,j V £+2m=2i 

d K> v ' E 



l+2m=2i-2 

en = E W+ 

E 6 'w) + - u > j E Am ) + 

i>0,j ^ Z+2m=2i-2 ' 

E d hJ z ' zJ E Am 

i>0j /+2m=2i-2 

E (''/ • -'(v.,)^' E **« m ) 

i>0J ^ Z+2m=2i-2 ' 

E E **« m ) 

i>0,j ^ Z+2m=2i-2 ' 

Consequently, the term d(ift(x) + x) is in the "affine subalgebra" 

f\{{bi} ie j, z) z' /\{{bi} ieJ , z, it') 
More precisely, we see that 



(d(iP(x)+x))\ A{{b . }i£JiZ) = J2b I( .^ 



= 0(d(^(^))) 

(8) ( = } d s (0(^(x))) 

= d E (x) 
= 
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The last equation holds by assumption, the second one by the definition of 
d(ip(x)). Thus it suffices to prove that also the second direct summand 

(d(i/>(x) +£))l*'A«Wi€J,*.«'> 
equals zero. Using the vanishing of the first one we compute 

= d 2 {ip(x) + x) = d(d(V>0*0 + Z)\z> A{{bi} ieJ ,z,u>)) 
€ (z 2 - u) /\({6 4 }i e j, z, v!) z' /\{{bi}i e j, z, v!) 
So let z'y := (d(ip(x) + x)) \ z , /\({bi} ieJ ,z,u'))- We have 

= d(z'y) = (z 2 — u)y — z'dy 

Since y,dy € /\({6j}j g j, z,u'), we have (z 2 — u)y ^ z'dy unless both sides 
vanish. The term 

Z 2 -M = Z 2 -«'-U£^F B ® /\(Z, Z 1 ) 

is not a zero-divisor, since v! G VJ ven is not. This necessarily implies y = 0. 
So we obtain 

d(tjj(x) +£)U'A<{6i}ieJ.*.tt / ) =0 
Combined with (8) this yields 

d(V>(x) +x) = 
This finishes the proof of the surjectivity of ^>*. 

Injectivity. We shall now prove that 0* is also injective, i.e. an iso- 
morphism in total. For this we prove that its kernel is trivial. So let 
y £ (/\Vb dS> f\(z,z'),d) be a closed element with <^*([y]) = 0. Thus there 
is an element x € (AVei^e) with d^(a;) = </>(y). We shall construct an 
element x € ( f\ Vb <8> A( z > d) with the property that d(^(x) + x) = y. 
Hereby y will be a newly constructed closed element with the property that 
[y] = [y]- This will show that [y] = and will prove injectivity. 

There are families and as above — cf. the surjectivity 

part — such that the element y may be written in the form 

Again coefficients are uniquely determined. Once more we form elements 

iki ■ = E 

l+2m=2i-2 

(for i,j > 0) and 

y : = E d&ij 

i>0,j 

A computation analogous to (7) yields 

y + v = E K^ 2i+j + z '(H >»\. : - d(^,))^' E Am ) 

i,j ^ i,j l+2m=2i-2 ' 
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Since y is an exact form by construction, we see that this additive variation 
has no effect on the homology class of y, i.e. y+y is d-closed with [y] = [y+y]- 
Consequently, by this reasoning we have found a representative y + y of 
the homology class of y with 

y : = y + y € /\({bi} i( zj, z) © z /\({bi} ie j, z, u) 

Since eft commutes with differentials (cf. (3)), we have 

d E (x + (j)( ^2 ViJ ) ) =d E (x) + 4>(y) = (j)(y) 

^ ^ i>0,j ' ' 

Moreover, since for every i,j € No the term jjij has z' as a factor (with 
4>(z') = 0), we see that 0( Yli>o j Vij) = ^- So we obtain 

4>(y) = d E (x) = 4>(y) 

It is easy to see that a d-closed element 

a G /\({bi} ieJ ,z) ®z' /\({bi} i&J ,z, v!) 

is completely determined by its first direct summand. Clearly, this is equiv- 
alent to the assertion that there is no non-trivial closed element of this kind 
with vanishing first summand. So we suppose additionally that 
a \f\{{bi}i & j,z) = 0- Comparing coefficients in d(a) = yields the result. 

So let us eventually prove that the cohomology class [y] = [y + y] equals 
zero by constructing an element that maps to y + y under d. As in the 
surjectivity part we may deform ip(x) additively by the special element 

x £ z' f\({bi} i€ j, z, it') C ker <\> 

from (5). Since (ft o ip = id by (4), once more we obtain 

(j>(ip{x) + x) = x 

and computation (7) shows that 

d(ip(x) +x)£ /\({6 4 } ieJ , z) © z' /\{{bi}iej, z, v!) 
So we obtain a commutative diagram 

( A(i b i}ieJ, z, z', u'j) \^( x )+x ^ f\{{bi} i( zj, z) 



l/)(x) + X h 
97? 



/\{{bi} iG j, z)®z' ■ /\{{bi} i€j , ...,z,v!) 



(id,0) 



-^/\({bi} ieJ ,z) 
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where the commutativity in the upper left corner of the outer square has to 
be interpreted as 

<j>ty{x)+x) G /\({bi} ieJ ,z) 

d{^(x) +x)E /\({bi} ie j, z)@z ■ /\{{bi} ieJ , z, v!) 

It remains to prove the correctness of the arrow tagged by question marks: 

We know that y\/\({b % } ieJ ,z) = V>0(j/)), since <j>\/\{{bi} ieJ ,z) is the "identity" 
by definition. A standard computation thus shows 

d(if)(x) +x)| A({M . eJi2> = ylhiikhej,*) 

The class y is closed by construction, the class d(ip(x) + x) is closed as 
it is exact. Since both classes coincide on the first direct summand, the 
uniqueness property we proved previously yields 

y = d(ip(x) + x) 

So y is exact. Hence we have that [y] = [y] = and that is injective. 

Step 3. Let us now work with the minimal model ( /\ Ve, d) in order to 
prove formality for B. We shall make essential use of the characterisation 
given in theorem 2.9. So we shall split Ve as in the theorem, which will yield 
a similar decomposition for Vb- This will enable us to derive the formality of 
the minimal model of B. By theorem 2.10 this is equivalent to the formality 
of B itself. 

Since E is formal, we may decompose Ve = Ce®Ne with Ce = kerde|y B 
and N E being a complement of C E in V E as in theorem 2.9. 

Without restriction we may assume that there is a subset J' C J such that 

(9) C E = (z,{b i } ieJI ) 

where {bi}i^j,u' is the homogeneous basis we chose for Vb- 
It is straightforward to prove that the morphism 

^ : {/\Vb® /\(z,z'),d) -> (A^' d ^) 
restricts to an isomorphism of commutative differential graded algebras 

<P\AV B ■■ (f\({bi}ieJ,u'),dB) - (A^ 2 ,ftW),d E ) 

i.e. to see that it is well-defined, bijective and commuting with differentials. 
(For the last property it will suffice to show that /\(z 2 , {6j}igj) is respected 
by d E .) 

We remark that clearly d|/\ y B = d# which makes the left hand side a well- 
defined differential subalgebra of the domain of <fi. By abuse of notation — the 
element z 2 has word-length 2 — we write f\(z 2 , in order to denote 

the subalgebra generated by z 2 , {6j}j 6 j in f\(z, {6j}j g j}. 

We shall make use of this isomorphism by constructing a decomposition 
for Vb- We start by setting 

C B ■= kerdslvs 
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In the assertion we assume that the rationalised Hurewicz homomorphism 
7r*(B)®Q — > H*{B) is injective in degree n. This guarantees (cf. remark 2.5) 
that there are no relations in this degree, i.e. V£ = CS, which itself implies 
that iVg = by the construction of ( f\ Ve, dg) . So every complement of Ce 
in Ve necessarily lies in ({6j}j g j). Hence we may assume without restriction 
that 

Ne = {{bi} ie j\j>) 
(For this it might be necessary to change the basis ({6j}j e j).) Set 
n b ■= ^\M{bi} i€ j)N E = ({bi}ieJ\j>)tV B 

Let us now prove that Vb = Cb © ^Vb and that every closed element in 
I(Nb) C /\ Vb is exact: Due to (9), since 4>\/\v B commutes with differentials 
(cf. (3)) and by our results on 0| a Vb , we know that ({fojjiej') C kerd^. 

Moreover, the second (non-technical) assumption asserts that the ratio- 
nalised Hurewicz homomorphism 7r*(-B) ® Q — > H*(B) is injective in degree 
2n. This again guarantees — cf. 2.5 — that Vj n = C B ra , which itself implies 
that u' e C B n , as u' <E Vj n . 

Thus we obtain that ({&i}iej', w') ^Cb, which leads to a direct sum de- 
composition 

V B = C B ® N b 

with 

Cb = ({bi} ie j',u') and iV B = ({bi} ie j\j>} 

Now assume there is a closed element y € I(Nb). We shall construct an 
element x € ( /\ Ve,ds) with d^x = j/. This will finally prove formality in 
case 1. 

The element 4>\/\V B {y) £ ( A( z2 > {&i}ie./)> &e) is also closed. Moreover, it 
is easily seen to lie in I(Ne). 

Thus by the formality of E there is an element x € ( f\ Ve , d#) with 
d^x = <£|^ y s (y). As x £ (A Ve, d s ) , we may write 

x = Xq + XlZ + X2Z 2 + x%z 3 + . . . 

as a finite sum with xi € /\{{bi}iej}- Since z is d^-closed, we compute 

(z 2 , {bi} ie j)^(j)\/\ VB (y) = d E {x) = d E (x ) + d E (xi)z + d E {x 2 )z 2 + ... 

As ( /\(z 2 , {bi}i & j), d^) is a differential subalgebra of (A ^Bjde), we see 
that a term d£:(xj),z* lies in z % ■ /\{z 2 , ,j) again. In particular, the parity 
of the power of z is preserved by differentiation. Thus — by comparison of 
coefficients in z — we obtain 

y^d E (x 2 i+i) = 

i>0 

In particular, we see that already 

d E (x + x 2 z 2 + x 4 z 4 + ...) = 01 a Vb (?/) 
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Hence, without restriction, we may assume x to consist of monomials with 
even powers of z only, i.e. £2j+i = for i > 0. Thus it holds that x G 
(z 2 ,{bi}ifzj). As <f>\/\v B is bijective, there is the well-defined element x = 

(<^|/\ Vb) ( x ) € /\ Vb and we eventually obtain 

d fl (x) = (0| AKfl )~ 1 (d £ ;(x)) = (0IaVb)~ (0Iav s (2/)) = y 

Case 2. We shall now prove the assertion under the assumption that the 
fibration is non-primitive. Again we shall rely on the quasi-isomorphism 

(/\Vb® /\(z,z'),d) ^(A PL (E),d) 

where the left hand side contains the minimal Sullivan algebra ( f\ Ve>d#) 
as a differential subalgebra. Again this last algebra is supposed to be a 
minimal model for the space B. 

Step 1. We show that the algebra generated by Ve '■= Vb © (z, z') is a 
minimal Sullivan algebra: We have 

/\Vb® f\(z,z') = l\V E 

Set dE '■= d. So (/\V~E,dE) is a commutative differential graded algebra. 
Moreover, it holds that Vg = 0, since B is simply-connected by assumption. 

By the definition of (non-)primitivity u G f\ Vb is decomposable, i.e. u G 
A >0 Vb ■ A >0 Vb- Thus we have that d E z' = z 2 - u £ /\ >0 V E ■ /\ >0 V E - 
Thus proposition 2.4 yields that f/\ Ve^e) is a minimal Sullivan model of 
E. 

Step 2. By assumption E is formal. Theorem 2.9 then yields the exis- 
tence of a decomposition Ve = Ce © Ne with Ce = kerds|v B - Clearly, we 
have z & Ce and without restriction we may assume that 

C E = (z, {bi} i& j>) 

for a subset J' C J, where {6j}j g j now is a homogeneous basis of Vb- (Recall 
that non-primitivity implies that the element u lies in /\- 2 ({6,}j g j).) 

Since dEz' ^ and since z' G Ve, there is an element c € C with the 
property that z' + c G A?£. Set z' := z' + c. Thus we have that z! G A r B- 
The change of basis caused by z' \— > z' induces a linear automorphism of 
the vector space Ve which is the identity on Vb ® (z). This automorphism 
itself induces an automorphism a of the commutative differential graded 
algebra (\Ve- By construction this automorphism has the property that 
<t Ia(V b ®(2>) = id - Moreover, we know that d E (/\(V B © (z))) C A(Vb © («))• 
Hence one easily checks that <r is also compatible with the differential. Thus 
up to this isomorphism of differential graded algebras we may assume that 
there is a decomposition of Ve = Ce © Ne with Ce = kerd^lvs and with 
z 1 G Ne- Moreover, up to a change of basis we hence may assume that 

Ne = {{bi} ie j\j>,z') 

We use this to split Vb in the following way: Set Cb '■= kerdB|y s - We 
recall that ( A^S)ds) is a differential subalgebra of (A^E'ds). Thus we 
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realise that 

Cb = ({kheJ') 

and we set 

^Vb : = {{bi} i€ j\j>) 

We directly obtain V B = C B ® N B . 

As for the formality of B, by theorem 2.9 it remains to prove that every 
closed element in the ideal I(N B ) generated by N B in ( f\ V B ,d B ) is exact in 
( A Vb, d B ) . So let y G I(N B ) with d B y = 0. Since N B C N E we obtain that 
I{N B ) C I(N E ). Thus by the formality of £/ we find an element x € /\Ve 
with d E x = 2A Recall the notation we introduced in the surjectivity part of 
case 1, step 2 and write x as a finite sum 

x = bj + 6^2; + bj 2 z 2 + • • • + bj^z' + bji^zz' + b I ^z 2 z' + . . . 
with bj. ,6/' G /\ Vb • We compute 

y = d^x =d s 6/ + (d E b h )z + (d£&r 2 )z 2 + • • • 

+ {(d E br o )z' + 6^(z 2 - u)) + ((d E b^)zz' + b~^z(z 2 - u)) 
(10) + {(d E b I 0z 2 z' + b } ,z 2 (z 2 -«))+... 

= £ ((d^/J - + 6j, W + ^(d^zV 

i>0 i>0 

Since d E (bi) G /\ V B for 1 < i < m and since u £ /\V B , we shall proceed 
with our reasoning by comparing coefficients in z % respectively in z' z l . That 
is, the element y lies in f\V B . Thus it cannot contain a summand with z 1 
(for i > 0) or with (for i > 0) as a factor. So we see that 

y = d E x = d E b Io - bpu 

In particular, (d E bi 2 ) — bpu + bp =0. Thus the element bj + bj 2 u G f\V B 
satisfies 

dE(6/ + bi 2 u) = d E bi + (ds6/ 2 )ii = d E bi + bpu 2 - bpu = y + 6j,u 2 

Below we prove that is exact, i.e. there is some a £ /\V B with d E a = bp . 
This yields the exactness of bj, u 2 by d E (au 2 ) = bj,u 2 . So we shall finally 
obtain 

d E (bi + bi 2 u — au 2 ) = (y + bj^u 2 ) — bpv 2 = y 

Since this is a computation in f\ V B and since d^ restricts to d B on f\V B 
we obtain that y is exact in f\ V B . This will provide formality. 

So let us eventually prove that bp is exact. Since we are dealing with 
finite sums only, there is an even io > 2 with bp = 0. From (10) we again 
see that 

= (d E b u ) - bp u + bp = (d E b u ) + bp 
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This implies d B (— bi i ) = bp and bp is exact in ( ^\V B ,d B )- We shall 

i Q -2 i -2 

continue this iteratively. That is, as a next step we have 

= (d E bi 2 ) - bp u + bp = (deb/ ) - d B ( - b h ) + bp 

and is d^-exact. As io 1S even, this iterative procedure will finally end 

up with proving that bp is exact. 

This finishes the proof of the formality of B. □ 

We already did so in the proof and we shall continue to do so: We refer to 
the two conditions in the assertion of the theorem that involve the Hurewicz 
homomorphism as "non-technical" conditions. (The other prerequisites are 
mainly due to the general setting of the theory.) 

4. Proof of Theorem D 

It is of importance to remark that S 2n (n > 1) is an Fo-space. Thus the 
question whether the formality of the base space implies formality for the 
total space is related to the Halperin conjecture, which has been established 
on even-dimensional spheres. 

More precisely, a consequence of theorem [14]. 3. 4 is that the formality 
of the base space of a spherical fibration with (rationally) even-dimensional 
fibre implies the formality of the total space. A proof for is a direct con- 
sequence of the next lemma, which we shall actually need for the proof of 
theorem D. In order to formulate it we need the following considerations. 

We use the notation and conventions as above and again we require E 
and B to be simply-connected. Choose a minimal model 

m B :(/\V B ,d B ) ^(A PL (£),d) 
As B is formal, we have the quasi-isomorphism 

(11) f, B :(/\V B ,d B ) ^(H*(B),0) 

from lemma 2.11. For this we fix a complement N of kerdslvg in V B . We 
obtain that (i B (N)=0. Form the model of the fibration p 

{/\V B ® /\(z,z'),d) ^(A PL (£),d) 

as in remark 2.2. We use the terminology of the proof of theorem C for 
the model of the fibration, i.e. d(z') = u € f\ V B and denotes a 

homogeneous basis of V B . (Here we do not make use of a distinguished basis 
element u' .) We now define a morphism of commutative graded algebras 

fa' {/\V B ® /\(z,z'),d) ^(H*(E),0) 

h. h-> H B {bi) 

(12) z i-> [z] 

z ^ 

by extending this assignment linearly and multiplicatively. Hence it is a 
morphism of commutative graded algebras. 

Lemma 4.1. The morphism fig is a quasi-isomorphism. 
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Proof. Our main tool for proving this will be that every closed element of 
( A ® A( z > z ')> d) maps to its homology class under /ie. Let us establish 
this result first. So suppose 

ye (/\Vb® /\(z,z'),d) 

is such a d-closed element. It then may be written as 

y = 2/0 + z'yi 

with yo ,yi e A (Vs e (z)). 

Step 1. First we shall prove that y\ is exact. We have 
= dy = dy + (z 2 - u)y\ - z'dyx 
By construction of \[\Vb® A( z > z ')i d) we know that 

d(AVb©(«»c(/\Vb®^)) 
This implies that dyi = 0. Thus we have 
(13) dy = -0 2 - u)yi 

Hence we write 

2/0 = 2/o,o + yo,iz + y ,2^ 2 + yo,3Z 3 H h 2/o,fc^ 

and 

2/1 = 2/i,o + 2/1, l^ + 2/i,2^ 2 + yi,3Z 3 H h Vi,k-2Z k ~ 2 

as z-graded elements with 2/o,«)2/i,i G A Vb- As z is d-closed, the grading is 
preserved under differentiation. Equation (13) implies in this graded setting 
that 

dB2/o,i = uy\,i - yi,t-2 

Starting in top degree we see that dsyo,fc = — 2/i,fe-2- Set Xfc_2 := — 2/o,fc- 
This directly leads to 

dB2/o,fc-2 = uyi^-2 ~ 2/i,fc-4 

where «2/i,fc-2 is d B -exact by d B (-ny ,fc) = uyi,k-2- Thus 2/i,fc-4 is exact. 
Set 

:= ~yo,k-2 ~ uy ,k 

Hence, inductively continuing in this fashion, we obtain that each y\^ with 
i = k mod 2 is exact. The same line of argument applied from degree k — 1 
downwards yields finally that also all the y\^ with i = k — 1 mod 2 are 
d^-exact. In total, for each < i < k — 2 there exists an xi £ A Vb with 
drrj = 2/i,i- So the element yi itself is exact: Set 

x : = xq + xiz + x 2 z 2 H h x k _2Z k ~ 2 
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and obtain 

d(x) = d(x + x\z + x 2 z 2 H h x k _2Z k ~ 2 ) 

(14) = d B x + d B (x x )z + d B {x 2 )z 2 + ■■■ + d B (x k _ 2 )z k - 2 

= yi,o + yi,iz + yi,2z 2 + m,sz 3 H H yi,k-2z k ~ 2 

= yi 

Moreover, the Xi are constructed iteratively within the algebra f\ V B . So we 
obtain x^ G f\V B for < i < k — 2 and 

(15) x G /\(Vb (z)) 

Step 2. This will enable us to see that y is mapped to its homology class. 
Due to the formality of B we decomposed V B = C ffi N at the beginning of 
the section. This decomposition is homogeneous with the property that C = 
kerds|y and such that every closed element in I(N), the ideal generated by 
TV in /\V B , is exact — cf. theorem 2.10. We clearly obtain 

l\V B = l\C@I{N) 

For each 1 < i < k we split yo,« =: y'o i + y'o % with y' oi G f\C (being d-closed) 
and y^j G I(N). The morphism \x B was chosen to map a closed element to 
its homology class and to vanish on I(N). Thus we see that ^E(y'oi) = [y'o J 
and that fJ-E(y'oi) = 0. We then need to show that 

This will be a consequence of the following reasoning: We suppose yo,i = y'oi 
for all < i < k and show that 

My) = [o] = [y] 

By construction we have 

(16) y G N ■ f\(V (z)) 
We shall now show that the element 

y + d(z'x) =y + z'yi + (z 2 - u)x - z'yi = y + [z 2 - u)x 

is exact, which will imply the exactness of y itself. 

The whole commutative algebra splits as a direct sum 

l\V B ® /\{z, z') = (/\{C® © f(N © (z')) -{/\V B ®/\(z, ,'))) 

Thus the element x may be written as x = c + n with c G /\(C © (z)) and 
n G (N © (z 7 )) • (/\V B ® f\(z,z f )). We conclude that d(c) = and that 
d(x — c) = dn = dx. Hence, without restriction, we may assume x = n. 
Combining this with (15) thus yields 

x G N ■ j\ (V B © (z)) 
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Thus, writing x in its z-graded form, we see that each coefficient X{ (for 
< i < k - 2) lies in I(N) = N ■ /\V B . By (16) every coefficient y 0)i (for 
< i < k) in the z-grading of yo equally lies in I(N). Hence so does every 
z-coefficient 

y ,i - uxi + Xi„ 2 G I{N) 

of 

y + (z 2 - u)x = y^XVo,i ~ ux i + %i-2)z l 

i>0 

Since y was assumed to be d-closed and since yo + (z 2 — u)x = y + d(z'x), 
the element yo + (z 2 — i)x also is d-closed. In particular, every z-coemcient 
is a d^-closed element in 1(B). By the formality of B and by theorem 2.9 
every such coefficient is d^-exact then. An argument analogous to (14) then 
shows that y is d-exact. In total, this proves that \xe maps a closed element 
to its cohomology class. 

As for the properties of p,E, which now follow easily from this feature, we 
observe: The morphism is compatible with differentials as p,E(d(x)) = 0. 
(The closed and exact class d(x) maps to its cohomology class.) Eventually, 
it is a quasi- isomorphism as the morphism induced in homology is just the 
identity. □ 

As we remarked, the formality of B implies the one of E and we can give 
the 

Proof of theorem D. We shall use the terminology and the results from 
theorem C. By 

m B : {/\V B ,d B ) ^A PL (S,d) 

we denote the minimal model. We let {6j}j g j denote a basis of V B (and do 
not make use of a distinguished element u'). 

Case 1. Suppose the fibration p to be primitive. In the notation of the 
proof of theorem C we then have dz' = z 2 — u with primitive u in the model 
of the fibration. In the case u = we obtained the weak equivalence 

E ~q B x F 

Theorem 2.12 applies and makes it possible to derive the formality of p in 
this case. 

So we may assume u ^ 0. We then have constructed the minimal model 
m E : 

(A^> d ^) ^ A PL (£,d) 

in case 1, step 2 of the proof of theorem C. By formality we have the 
quasi- isomorphism 



fi B :{f\V B ,d B ) ^(H*(B),0) 
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(from (11)) which we now may assume to satisfy (ms)* = (mb)* (by com- 
posing it with an automorphism of H*(B)). Once more, for a spherical 
fibration we form the model of the fibration 

rh E ■ ( /\ V B <8> /\<s, A d) ^ (Apl(-E), d) 
as in remark 2.2. Consider the following diagram 



(17) (A^B,d B ) c 




AV E ,d E ) 



(A PL (B),d) Apl(p) . (A PL (£),d) 



where </> is the quasi-isomorphism from (2), which we construct in the proof 
of theorem C, case 1, step 2. (Note that until case 1, step 3 of the theorem 
we did not need any of the "non-technical" assumptions which we did not 
require for this theorem.) 

We shall now prove that diagram (17) commutes up to homotopy. Hereby 
the minimal model m E was constructed by means of a diagram of liftings 
and isomorphisms extending 

(A PL (£),d) (/\V B ®/\(z,z'),d) t (/\V E ,d E ) 

Thus this diagram is commutative up to homotopy (cf. [7]. 12. 9, p. 153) and 
so is the right hand triangle of (17). 

Since the model of the fibration comes out of a relative Sullivan algebra 
(cf. [7]. 14 and [7]. 15, p. 196) for A P \ J (p) — composed with the minimal model 

( A V B , d B ) Apl(-B, d)— the algebra ( f\ V B , d B ) includes into (f\V B ® 
/\(z,z'),d) by x i— ► (x, 1) as a differential subalgebra (cf. definition [7], 
p. 181) and the square in the diagram commutes. (This holds although we 
use a slightly altered model as established in remark 2.2.) 

As a consequence, both the following diagrams commute up to homotopy — 
the second one as the Sullivan representative p is constructed as a lifting. 



{Av B ,d B )^-{Av E ,d E ) 



A Vbj ds) 



[AVeAe) 



m B 



m E 



m B 



(A PL (B),d) A -^(A PL (E),d) 



rn E 



(A PL (B),d) A -^(A PL (E),d) 



Since the Sullivan representative p is uniquely defined up to homotopy, we 
know that p and 4>\/\v B are homotopic morphisms (cf. [7], p. 149). Thus — in 
order to prove the assertion in this case — it is sufficient to find a minimal 
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model he with (he)* = (rag)* for which the diagram 



A VbAb) 



I'D 



(H*(B),0) 



AVeAe) 



I'E 



(H*(E),0) 



commutes up to homotopy. 

We shall start to do so by foremost recalling the quasi-isomorphism 

He: (/\V B ® /\(z,z'),d) ^(H*(E),0) 

h i-> HB(h) 

Z I— > [z] 
z' l-> 

from (12) and lemma 4.1. In the following we shall identify H*(E) with 
p* H* (B) (Bp* H* (B)[z] — which clearly is not intended to denote the splitting 
as an algebra. So we obtain (the)* = (p* (mB)*,p* ° (tub)*) and (tub)* = 
(hb)* implies that (mg)» = p* o (he)*- 
Now form the diagram 



(18) 



{Av B ,d B y 



t'D 



(H*(B),0) 



/\V B ®A(z,z'),d) 

p*ofi E 

-^(H*(E),0) 




AVeAe) 



where the map he is defined by means of liftings and isomorphisms that 
make the right hand triangle in (18) homotopy commute. As he an d 4> 
are quasi-isomorphisms, so becomes he- Again the square in the diagram 
commutes. So the whole diagram commutes up to homotopy. Since p* o 
(As)* = (i^e)*, we derive that (he)* = (jn>E)* by commutativity. This 
combines with the homotopy commutativity of diagram (18) and yields that 
p is a formal map. 

Case 2. We treat the case when p is not primitive. In case 2, step 1 of 
the proof of theorem C we have seen that the model of the fibration 

m E : (f\V E ,d E ) ^(A PL (E),d) 

where Ve = Vb {z,z') and d£:|y s = d#, dEZ = 0, d^z' = z 2 — u is a 
minimal model of E already. As this model comes out of a relative Sullivan 
algebra over ( /\ Vb, ds) , the induced map p is just the canonical inclusion as 
a differential graded subalgebra. As in case 1 we use the quasi-isomorphism 
He from (12) with the property that p* o (he)* = (i^e)* — as seen in case 1. 



26 



MANUEL AMANN 



Thus it is obvious that the diagram 

{Av B ,d B )^+(/\v E ,d E ) 



I'D 



V °f 1 E 



(H*(B), 0) — ^— >■ (H*(E), 0) 
commutes. So p is formal in this case, too. □ 

5. Consequences and the proofs of Theorems A and B 

We shall now state some results related to theorems C and D. This will 
lead us to the proof of theorems A and B. We begin with the following 
apparent consequence: 



Corollary 5.1. Let 



F ^->E^B 



be a spherical fibration of simply- connected (and path- connected) topological 
spaces with rational homology of finite type. Let the fibre satisfy F ~q § n 
for an even n > 2. Suppose further that the space B is rationally (2n — 1)- 
connected. 

Then we derive: 

• The space E is formal if and only if so is B. 

• If this is the case, the map p is formal, too. 

Proof. Since B is rationally (2n — reconnected, we have 

TTi(B) ® Q = = H\B) for i < 2n - 1 

So we obtain in particular that the rationalised Hurewicz homomorphism 
tt*(B) <8> Q —> H*(B) is injective in degree n. By the Hurewicz theorem 
we also obtain that the rationalised Hurewicz homomorphism ir*(B) (g>Q — > 
H*(B) is an isomorphism in degree 2n — and injective in this degree, in 
particular. Thus theorems C and D yield the result. (Recall the remark 
concerning the fact that the formality of B implies the one of E.) □ 

We remark that this corollary only needs case 1 of the proof of theorem 
C, since by the connectivity-assumption the fibration necessarily is primitve. 
Let us formulate another observation. 



Theorem 5.2. Let 



F^> E ^ B 



be a fibration of simply- connected (and path- connected) topological spaces 
with rational homology of finite type. Suppose the rational cohomology alge- 
bra H*(F) is generated (as an algebra) by exactly one (non-trivial) element 
of even degree n. Suppose further that the space B is rationally n' -connected, 
where 

n' :=n-(dim®H*(F))-l 

Then we obtain: The space E is formal if and only if so is B. In this 
case the map p is formal, too. 
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Proof. Set d := dimQH*(F). The cohomology algebra of the fibre F is 
given by the polynomial algebra H*(F) = Q[z]/z d . The minimal model 
( A V F ,d F ) of F is given by V F = V n V n d ~^ with V n = (z) and V nd - X = 
(z ! ) and by the differentials d F z = and d F z' = z d . 

Let ( /\VB,dB) be a minimal model of the base space B. We form the 
model of the fibration: 

{/\V B ® l\V F ,d) ^ (A PL (E),d) 

(cf. the corollary on [7], p. 199). The differential d of the model equals ds on 
the subalgebra /\Vb- It is now easy to see that dz = and that dz' = z d — u 
for some closed u G V B n . 

The result now follows by imitating the proofs of theorems C and D in 
a completely analogous fashion. (The fibre can easily be seen to satisfy 
the Halperin conjecture, so the reverse implication to C holds again.) Just 
replace z 2 by z d and adapt the calculations. Some iterative constructions 
will need to be done not only on even and odd indices separately, but for each 
class modulo d. In theorem C clearly only case 1 has to be considered. In an 
analogous fashion to the proof of corollary 5.1 the connectedness assumption 
can be seen to suffice to derive all the "non-technical" conditions in theorem 
C. □ 

Clearly, this theorem directly applies to fibrations with fibre F having the 
rational homotopy type of either CP n or MP n — always supposed that all the 
other assumptions (including the connectivity-assumption) are fulfilled. 

Proposition 5.3. Let 

F^E B 

be a spherical fibration of simply- connected (and path- connected) topological 
spaces with rational homology of finite type. Let the fibre satisfy F ~q § n 
for an even n > 2. Suppose further that the rationalised Hurewicz homo- 
morphism 7T*(.B) <8>Q — ■» H*(B) is infective in degree n. Additionally assume 
the space B to be rationally k-connected with 3k + 1 > In. 
Then we obtain: If the space E is formal, so is B. 

Proof. In order to be able to apply theorem C we need to modify its 
proof slightly: In case 1, step 3 we used that the rationalised Hurewicz 
homomorphism was supposed to be injective in degree 2n. The purpose 
of this assumption was to show that Vj n = C B n or actually merely that 
u' € C| n . 

We know that dz' = z 2 — u with u — u'£ /\- 2 ({&,;}j g j) in the model of the 
fibration and with u being d^-closed (cf. 2.11). We have to show that our 
new condition is apt to replace the former one, i.e. to equally yield u' £ C B n . 

Since B is rationally fc-connected, it holds that V B k = 0. This directly 
leads to d B V- 2k = by the minimality of (A V b Ab)- As (2fc+l)+(fc+l) = 
3k + 2, this itself implies that 

<3fc+lN 



( ( A>2 

d B [[/\-v B j J=o 
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Thus by the assumption 3k + 1 > 2n we derive that the element u — u' E 
(/\ V- 2 ) 2n is closed, i.e. d#(u — «') = 0. However, we know that &bu = 0, 
whence d#u' = and u' € Cfj™. From here the proof of the theorem can be 
continued without any change. □ 

Corollary 5.4. Let 

§ 2 ^ Z M 

be a fibre bundle of simply- connected smooth closed manifolds. If Z is formal, 
so is M. 

□ 

Let us now prove theorems A and B. As for the latter we see that it is a 
direct consequence of theorem D. We shall give two slightly different proofs 
of theorem A. The first one basically relies the strong rigidity (cf. 1.3); the 
second one will need clearly less structure theory of Positive Quaternion 
Kahler Geometry. Both proofs make essential use of the twistor fibration. 

First proof of theorem A. For every Positive Quaternion Kahler Man- 
ifold M there is the twistor fibration 

(19) § 2 ^ Z -> M 

with Z a compact Kahler manifold. Positive Quaternion Kahler Manifolds 
are simply-connected. Thus so is Z. (As compact manifolds both M and 
Z have finite-dimensional (rational) homology.) The twistor space Z is a 
compact Kahler manifold. Thus it is a formal space (cf. example 2.8). 

Positive Quaternion Kahler Manifolds have vanishing odd-degree Betti 
numbers — cf. theorem 1.4. In particular, bs(M) = 0. A Positive Quaternion 
Kahler Manifold M n satisfying bi (M) > is necessarily isometric to the 
complex Grassmannian Gr2(C n+2 ) — cf. theorem 1.3. The latter is a sym- 
metric space. Consequently, it is formal (cf. example 2.8). Thus, without 
restriction, we may focus on the case when 62 (M) = 0. 

In total, we may assume M to be rationally 3-connected. Now corollary 
5.1 applies and yields the formality of M. □ 

Second proof of theorem A. As in the first proof we use the twistor 
fibration (19) and apply corollary 5.4 to it. Since Z is a formal space, the 
corollary directly yields the result. □ 

Note that we do not use b% (M) = 63 (M) = in the second proof. Needless 
to mention that formality may be interpreted as some sort of rigidity result: 
Whenever M has the rational cohomology type of a Wolf space, it also has 
the rational homotopy type of the latter. 

For the definition of the following numerical invariants see the definition 
on [7]. 28, p. 370, which itself relies on various definitions on the pages 351, 
360 and 366 in [7]. 27. 

Corollary 5.5. A rationally 3-connected Positive Quaternion Kahler Man- 
ifold M satisfies 

= c (M) = e (M) = cato(M) = cl (M) 
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Proof. On a Positive Quaternion Kahler Manifold M n there is a class 
u £ H A (M) with respect to which M satisfies the analogue of the Hard- 
Lefschetz theorem. In particular, there is the volume form u n ^ 0. Thus the 
rational cup-length of a rationally 3-connected Positive Quaternion Kahler 
Manifold M is Co (M) = din ^ M . The rest of the equalities is due to formality 
(cf. [7], example 29.4, p. 388). □ 

Corollary 5.6. A compact simply- connected Non-Negative Quaternion 
Kahler Manifold is formal. The twistor fibration is formal. 

Proof. A simply-connected Quaternion Kahler Manifold with vanishing 
scalar curvature is hyperKahlerian and Kahlerian in particular. So it is a 
formal space. The twistor fibration in this case is the canonical projection 
M x§ 2 ^M. □ 

Remark 5.7. • In general, Positive Quaternion Kahler Manifolds are 

not coformal, i.e. their rational homotopy type is not necessarily de- 
termined by their rational homotopy Lie algebra or, equivalently, 
their minimal Sullivan models do not necessarily have a strictly qua- 
dratic differential. A counterexample is clearly HP™ for n > 2. 
• In low dimensions, i.e. in dimensions 12 to 20, relatively simple proofs 
for formality can be given using the concept of s-formality developed 
in [8]. Alternatively, one may use the existence of isometric S 1 - 
actions on 12-dimensional and 16-dimensional Positive Quaternion 
Kahler Manifolds and further structure theory to apply corollary 
[13]. 5. 9, p. 2785, which yields formality. 





6. Odd-dimensional fibre spheres 
In the following we shall deal with the case of a spherical fibration 
(20) F E —> B 

where the fibre has odd (homological) dimension. We shall see that a priori 
no general statement can be made on how the formality of the base space 
and the total space are related. That is, we shall see that the formality 
of E does not necessarily imply the one of B, neither does the formality 
of B necessarily imply formality for E. The examples arise as geometric 
realisations of algebraic constructions. We remark that it is possible to 
use non- formal homogeneous spaces (as found e.g. in [9], [19]) to produce 
S 1 -fibrations with non-formal total space and formal base space. 

Before doing so we remark the following facts that can easily be proved 
using the usual methods: If the fibration (20) is totally non-cohomologous to 
zero, i.e. if the map induced in cohomology of the fibre-inclusion is surjective, 
then the space E is formal if and only if B is formal — always supposed that 
the spaces are simply-connected and with homology of finite type. Equally, 
the fibration is formal then. Indeed, one even obtains E ~q B x F. 

Let us now illustrate the appropriate negative examples. First we shall 
deal with the case of a formal base B and a non-formal total space E. On 
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[5], p. 261, the 3-dimensional compact Heisenberg manifold is given as the 
simplest non- formal compact manifold. It comes along with a fibre bundle 

gi ^ m 3 -f T 2 

with T 2 = S 1 x S . However, M is proved to be non- formal in [5], whereas 
B :=T 2 is formal. 

A higher dimensional and simply-connected analogue of this example may 
be constructed algebraically by the minimal Sullivan algebra (/\ V, d) defined 
as follows: Let V be generated by elements x,y,z with degx = degy = n, 
degz = 2n — 1, n odd, dx = dy = and dz = xy — cf. [7]. 12, example 
1 on page 157, for a similar example. By [5], lemma 3.2, p. 258, we may 
give a geometric realisation of this example as a fibration: We may use 
spatial realisation (cf. [7]. 17) to construct a CW-complex for the algebra 
(/\{x, y),d). The algebra /\(x, y) <g>/\(z) then forms an elementary extension 
(cf. [5], p. 249), since dz £ /\(x,y). So the lemma realises this example with 
total space having the rational homotopy type of (f\V, d), base space a 
realisation of (f\{x,y),d) and fibre a realisation of (/\(z),0). 

In all these examples the fibration is non-primitive as dz = xy is decom- 
posable. (The algebra (/\(x,y),d) is a minimal Sullivan algebra already.) 
So we have seen: 

Remark 6.1. Assume the fibration (20) to be non-primitive: The formality 
of B does not necessarily imply the formality of E. 

Next we shall give a similar negative example under the assumption that 
(20) is primitive. Consider the commutative differential graded algebra 
( (\ V, d) over the graded vector space V which we define as follows. We 
shall indicate generators with degree; moreover, we indicate the differential. 

2 : y^O 

3 : b i — ► c i — ► 

4 : uhO 

5 : n i— > be + uy 

Extend the differential to f\ V as a derivation. By definition the algebra 
is minimal and hence a minimal Sullivan algebra, as it is simply-connected 
(cf. 2.4). Form the algebra ( f\ V <8> f\(z), d) with dz = u, deg z = 3. Since 
this algebra is an elementary extension of ( f\ V, d) , by lemma [5] .3.2 we may 
realise it as the total space of a fibration with fibre rationally a sphere § 3 . 
Since ( f\ V, d) is minimal and since z is mapped to u under d, the fibration 
is primitive. It is a straightforward computation to show that ( f\ V, d) is 
formal, whereas ( /\ V <8> f\{z), d) is not. 

Remark 6.2. Assume the fibration (20) to be primitive: The formality of 
B does not necessarily imply the formality of E. 

We shall conclude with a simple example of a fibration with formal total 
space and non-formal base space. We construct an algebra the realisation 
of which will be the base space B. The algebra is ( f\ V, d) , where V will be 
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given by 



3 



4 



6 



tin be 



The algebra is minimal by construction. So it is a minimal Sullivan algebra 
as it is simply-connected (cf. 2.4). It is rather obvious that the algebra 
cannot be formal: According to theorem 2.9 there is a unique decomposition 
C = (b,c), N = (n) by degree. We compute d(nb) = beb = and nb £ I(N) 
is a closed but obviously non-exact element. 

Form the algebra (/\ V <8> f\{z), dj with dz = c, degz = 3. Since this 
algebra is an elementary extension of ( /\ V, d), by lemma [5]. 3. 2 we may 
realise it as the total space of a fibration with fibre rationally an § 3 . A 
minimal model for ( f\ V <8> f\(z),d) is given by ( f\(b, n), d) with deg 6 = 3, 
deg n = 6, db = dn = (and where the n here corresponds to n + zb in the 
model of the fibration). Obviously, this model is formal, as it is free. This 
proves 

Remark 6.3. The formality of E does not necessarily imply the formality 
of B. 
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